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Abstract

We propose a component-based (CB) parametric model order reduction (pMOR) formulation for parameterized nonlinear
elliptic partial differential equations (PDEs) based on overlapping subdomains. Our approach reads as a constrained optimization
statement that penalizes the jump at the components’ interfaces subject to the approximate satisfaction of the PDE in each
local subdomain. Furthermore, the approach relies on the decomposition of the local states into a port component — associated
with the solution on interior boundaries — and a bubble component that vanishes at ports: since the bubble components are
uniquely determined by the solution value at the corresponding port, we can recast the constrained optimization statement
into an unconstrained statement, which reads as a nonlinear least-squares problem and can be solved using the Gauss—Newton
method. We present thorough numerical investigations for a two-dimensional neo-Hookean nonlinear mechanics problem to
validate our method; we further discuss the well-posedness of the mathematical formulation and the a priori error analysis for
linear coercive problems.
© 2022 Elsevier B.V. All rights reserved.
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1. Introduction

1.1. Component-based model order reduction for nonlinear PDEs

Parametric model order reduction (pMOR, [1-3]) refers to a class of computational techniques that aim at
constructing a low-dimensional surrogate (or reduced-order) model (ROM) for a given physical system, over a
range of parameters. In the last few decades, pMOR techniques have received significant attention in science and
engineering, to speed up parametric studies. For complex, large-scale systems with many parameters, methods
that combine pMOR with domain decomposition (DD) methods are of paramount importance to deal with high-
dimensional parameterizations and changes in domain topology. The aim of this work is to present a general DD
PMOR strategy for linear and nonlinear steady partial differential equations (PDEs).
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Fig. 1. Configuration considered for illustration in Section 1 and for the analysis of the linear coercive problem in Section 4.

Standard (monolithic) pMOR techniques rely on high-fidelity (HF) solves at the training stage, which might
be unaffordable for very large-scale problems; furthermore, they rely on the assumption that the solution field is
defined over a parameter-independent domain or over a family of diffeomorphic domains: to address these issues,
several authors have proposed component-based pMOR procedures (cf. [4] and the review [5]). During the offline
stage, a library of archetype components is defined, and local reduced-order bases (ROBs) as well as local ROMs
are built; then, during the online stage, local components are instantiated to form the global system and the global
solution is estimated by coupling local ROMs.

CB-pMOR strategies consist of two distinct building blocks: (i) a rapid and reliable DD strategy for online global
predictions, and (ii) a localized training strategy exclusively based on local solves for the construction of the local
approximations. In this work, we focus exclusively on (i); we refer to [6,7] and [8, section 8.1.7] for recent works
on localized training for nonlinear elliptic PDEs.

We propose a general component-based pMOR procedure for steady PDEs based on overlapping subdomains,
with a particular focus on second-order nonlinear elliptic PDEs. The key features of the approach are twofold: (i) a
constrained optimization statement that penalizes the jump at the components’ interfaces subject to the approximate
(in a sense to be defined) satisfaction of the PDE in each deployed (instantiated) component; (ii) the decomposition
of the local solutions into a port component — associated with the solution on interior boundaries (ports) — and a
bubble component that vanishes at ports, to enable effective parallelization of the online solver.

1.2. One-shot overlapping Schwarz method

We first introduce the formulation in the simplified case of two instantiated components (2, {2, (cf. Fig. 1)—to
simplify notation, we do not distinguish between archetype and instantiated components; in Section 2, we present
the formulation in the general setting. We denote by X; C H'((2,) a suitable Hilbert space in {2;; we further define
the bubble space X;o = {v € &; : v|r, = 0} and the port space U; = {v € &; : v|r;, =0}, for i = 1, 2. Then, we
introduce the additive or multiplicative overlapping Schwarz (OS) iterations as

find u(lk) e A : g1(u(1k), v) =0 Vv e X, u(lk)|p1 = u(zk_l);

(k)
k k k uy, M
find u(z) e : Qz(u(z), v) =0 Vv e Xy, M(2)|F2 = { -1
u, ,
for k = 1,2,.... Here, ul@ denotes the state estimate at the kth iteration in the ith subdomain, while G;, G, are

the variational forms associated with the PDE of interest in {2, {%. Multiplicative Schwarz iterations correspond to
setting u(zk)| r,= u(lk) in (1),, while additive Schwarz iterations correspond to setting u(zk)| = u(lkfl). Convergence
of the OS iterations to a limit state (47, u5) implies that [|u] — w5l ,2(p,up,) = 0. We thus propose to consider the
formulation
min Uy — usl|;2 st. Gi(u;,v;))=0 Vv, e Xy, i =1,2. 2
U1 €X) 1y X || 1 2||L (IMuUly) gz( i l) i i,0 ( )
Clearly, the pair (u}, u3) is a solution to (2); in Section 4, we show that, provided that the overlapping size § is
strictly positive, the solution to (2) is unique and depends continuously on data for linear coercive problems. Note
that, for linear problems, the solution to (2) can be computed directly without the need for an iterative scheme:
we thus refer to our approach as to one-shot (OS) overlapping Schwarz (OS) method and we use the abbreviation
0S2.! From this point forward, we shall use the acronym OS to refer to the standard overlapping Schwarz method.

1 More rigorously, we should consider the acronym OSOS or (0S)2; however, we opted for OS2 to simplify the notation.
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In order to recast (2) into an unconstrained problem, we denote by ull), ug the port solutions, that is the restrictions
of u; and u, to the corresponding ports; then, we introduce the extension operators E; : U; — &; and the local
port-to-bubble solution maps F; : U; — X; such that, given w € Uf;, we have G;(F;(w) + E;w, v;) =0 Vv; € &0,
for i = 1,2—note that the port-to-bubble field is uniquely determined by the corresponding port solution. Then,
we obtain the unconstrained OS2 statement:

% Fu, ub) = IIF1 ) + Equd} = Faub) — EauSl 3o oy 3)
The present derivation can be viewed as a static condensation of bubble degrees of freedom and is similar in
scope to the approach in [4]. Following taxonomy from the optimization literature, we might view our approach as
black-box—as opposed to all-at-once [9, section 1.1].

Note that (3) reads as a nonlinear least-squares problem: as in [10], we can thus resort to the Gauss—Newton
method which exploits the underlying structure of the objective function to enable rapid convergence of the CB-ROM
to the optimum.

Practical implementation of a CB-pMOR approach based on (2)—(3) requires to address three major tasks
(i) (data compression) the minimization statement (3) is infinite-dimensional: we should thus drastically reduce the
dimensionality of the port spaces U, Uy; (ii) (reduction of local problems) the local problems associated with the
evaluation of the port-to-bubble maps are also infinite-dimensional: we should thus resort to standard (monolithic)
MOR techniques to devise low-rank approximations of the bubble fields; (iii) (hyper-reduction of the objective
function) evaluation of the objective function in (3) requires integration over the whole curve I’} U I’>: we should
thus devise a low-dimensional quadrature rule that requires evaluation of the local fields in a moderate number
of quadrature points. In this work, we propose specialized MOR strategies to address these three tasks: we resort
to proper orthogonal decomposition (POD, [11]) based on the method of snapshots [12] to build low-dimensional
port spaces; we rely on Galerkin ROMs (see, e.g., [1-3]) with hyper-reduction based on empirical quadrature/mesh
sampling and weighting [13,14]; finally, we consider two distinct approaches to speed up the computation of the
objective function: the former is based on empirical quadrature, while the latter relies on the empirical interpolation
method (EIM, [15]) .

Exploiting the static condensation of the bubble degrees of freedom, we can interpret the OS2 ROM as a
minimum residual formulation of the port (or interface) problem associated with the underlying PDE. We discuss
this interpretation for linear coercive problems in Section 4. We remark that, similarly to [16], our analysis exploits
a variational interpretation of the Schwarz method.

The outline of the paper is as follows. In Section 2, we present the variational OS2 formulation for general
nonlinear PDEs in arbitrary geometries. In Section 3, we discuss the construction of local approximation spaces,
hyper-reduction of the local models and of the objective function. In Section 4, we discuss the well-posedness
of the OS2 statement for linear coercive problems and we present an a priori error analysis of the OS2 ROM;
furthermore, we comment on the connection between OS and OS2 and we provide explicit convergence rates for two
representative one-dimensional problems. In Section 5, we investigate performance of our method for a nonlinear
elasticity problem. Section 6 concludes the paper.

1.3. Relation to previous works

The aim of this work is to devise a CB-pMOR DD strategy for nonlinear PDEs: we emphasize the development of
an effective solution strategy based on the Gauss—Newton method and on hyper-reduction of the objective function
and of the local problems. The literature on DD for MOR and reduced-order model /full-order model (ROM-FOM)
coupling is extremely vast: CB-pMOR strategies have been presented in [4,8,17-20] and also recently reviewed
in [5]; ROM/FOM coupling strategies have been proposed for a broad range of applications including compressible
flows [21-24] incompressible flows [25-27], and structural mechanics [28—30]—these methods do not distinguish
between archetype and instantiated components and do not necessarily involve the training of a library of local
ROMs. Recently, several authors have proposed to couple iterative Schwarz DD strategies with local non-intrusive
ROMs based on neural network approximations [31,32].

The OS2 statement shares several features with the minimization formulation first proposed in [33] in the DD
literature, for coercive linear elliptic PDEs. OS2 is also tightly linked to the method proposed in [34] for the coupling
of local and nonlocal diffusion models (see also [35]): as in [34], we interpret the OS2 statement as a control
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problem; while in [34] the controls are the nonlocal volume constraint and the local boundary condition, in this
work the controls are the local solutions at ports. We also observe that the authors of [34] do not exploit the nonlinear
least-square structure of the problem and rely on a quasi-Newton scheme to approximate the solution. We show
that the choice of using the port solutions as control variables enables the definition of configuration-independent
archetype components and is thus key for CB-pMOR.

Our approach is related to the Galerkin-free approach proposed in [36] and further developed in [26]. In [26,36],
the authors consider a HF model in the region of interest and rely on a low-dimensional expansion for the far-
field; instead of projecting the equations in the far-field onto a low-dimensional test space, they simply rely on the
objective function to compute the far-field solution coefficients (Galerkin-free). Exploiting notation introduced in
the previous section, we can state the methods in [26,36] as:

min uy — uz|;2 s.t. Gi(uy,v)=0Vv € X
en lur — uzll 22,0 0,) 1(ur, vr) 1 € X1,

where X denotes the HF space in (2, and Z, denotes the reduced-order space in (2. The approach presented in
this work is more general, more robust and also leads to more efficient online calculations, at the price of a much
more involved implementation.

Our approach is linked to the minimum residual formulation in [8]: the authors consider a minimization statement
in which continuity of solution and fluxes is enforced as a constraint in the formulation, while the global dual
residual enters directly in the objective function. The imposition of continuity in the objective function removes
compatibility requirements at ports and allows the use of independent spaces in each archetype component; in
particular, the use of an overlapping partition allows us to neither explicitly enforce continuity of the solution at
ports nor to enforce continuity of normal fluxes. For highly-nonlinear PDEs, we found that this feature remarkably
simplifies the implementation of our method and ultimately increases its flexibility.

Finally, the OS2 approach can be interpreted as an alternative to the partition-of-unity method (PUM, [37])
considered in [7]. Given local approximation spaces, PUM relies on the introduction of a partition of unity to define
a global approximation space, and on Galerkin projection to devise the ROM for the deployed system. PUM has
strong theoretical guarantees both in terms of approximation and in terms of quasi-optimality properties. Similarly
to OS2, PUM requires efficient mesh interpolation to achieve online efficiency. The major difference between OS2
and PUM is that PUM relies on a global variational formulation based on a single model: on the other hand, since
in OS2 local models are independent of each other, OS2 can be used to couple different models in different regions
of the domain.

2. Formulation

2.1. Preliminary definitions

We use the superscript (-)* to indicate quantities and spaces defined for a given archetype component; we further
denote by £ a generic element of the library £ of archetype components. We define the archetype components
{28%erc C RY; we denote by I} 4 the open subset of 02} where we impose Dirichlet boundary conditions,
and we denote by I the portion of 32 that lies inside the computational domain (“port”). For each archetype

component £ € £, we define the local discrete high-fidelity (HF) finite element (FE) space X' C [HO1 Faydir(.Q?)]D

where D denotes the number of state variables, the bubble space X}, = {v € A} : U|[‘; = 0}, anél the port
space U} = {U|[‘f v e &Af) C [HI/Z(F;‘)]D. We endow A} with the inner product (-, -); and the induced norm
I -1le = +/C, )¢, we define N} = dim (X(a), and the extension operator Ej : /) — X} such that

(Bjw.v), =0 VvelX{, Ew =W, Yw e U “4)

Throughout the paper, we consider the standard H' inner product, that is (w, v), = /, g Yw - Vv + w - vdx.
We define the vector of local parameters w, in the parameter region P;, which include geometric and material

parameters that identify the physical model in any instantiated component of type £. We define the variational form
Gp : A x Xy x Py — R such that

Ny
Q?(w,v;ue)=2/ S (w, v ) dx +f ny(w, v; ) dx (5)
k=1 YDek 9Dy k
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where N; is the number of mesh elements, {Dy x },ivz , denote the elements of the FE mesh for the archetype component
(2, and the element and facet forms 7y and nz’f encode the dependence on the problem of interest: we provide
their definition for the problem considered in the numerical examples in (9). Furthermore, for any ¢ € £, we define
the parametric mapping &3 : ¢ x P, — R that describes the deformation of the archetype component ¢ for the
parameter value u, € Py.

A physical system with Ngq components is uniquely described by a function L : {1, ..., Ngg} — L that associates
to each instantiated component i € {1, ..., Ngq} the corresponding archetype component L; € £, and the set of
parameters (4 = ({1, ..., iUny) € P = ®IN:°“1’ Pr,. Given u € P, we define

(i) the mappings {@i}?]j‘} such that &; = &f (- ;) fori =1,..., Naa;
(ii) the instantiated overlapping partition {{2; = @,-(Qﬁi)}?’:d‘f, the global open domain 2 C R¢ such that
0= U, 12;, the ports I} = @;(I}.) and the Dirichlet boundaries rdr = @i(Ffl_’dir), fori =1,..., Nyg;

(iii) the deployed FE full, bubble, and port spaces X; = {v o dii_l NS Xfi}, Xio={vo @i_l v E Xf,-,o}’ and

Z/{,' ={U|F,~ LV G.Xi}, fori = 1,...,Ndd;

(iv) the extension operators E; : i; — AX; such that E;w = Eii (wo &;)o @i’l fori=1,..., Naa;
(v) the deployed variational forms G; : &; x X; 9 — R such that
Gi(w,v) = Gp.(wo &, vo &) (6)

Given i = 1,..., Ng¢, we further define the set of neighboring elements Neigh, = {j : {2; N {2 # @, j # i},
and the partition of I; {I;; = I3 N {2; : j € Neigh;}. Note that, exploiting the previous definitions, the condition
x e I ;N 1T;; implies that x € 9% N (2 since {2 is an open sets, 342 N {4 =¥ and thus I ; N I";; = @ for any
i,j=1,..., Ng.

Ny

. N} .. .
jzl,Tg), with nodes {x?’jv.} ¢, connectivity matrix T, and elements

Given the archetype mesh 72 = ({x?; j=1°

€

N . v )
{Dk,e};ly» We denote by u a generic element of X, and we denote by u € RPNe the corresponding FE vector
associated with the Lagrangian basis of 72, for all £ € L. Following [38], we pursue a discretize-then-map treatment
of parameterized geometries: given the mesh 7}_‘;‘, we state the local variational problems in the deformed mesh

N
b; (71“’1) = ({ b; (szl)} j:l’ TL,.>. In Section 3.2, we discuss the hyper-reduced formulation of the local problems.

Note that if (77, u) is associated with the element u € X, then (®;(7), u) approximates u o &~
2.2. Model problem

We illustrate the many elements of the formulation for the two-dimensional (plane stress) nonlinear (neo-
Hookean) elasticity problem considered in the numerical experiments. The problem shares the same geometric
configuration with the problem studied in [39] for radioactive management applications. We consider the constitutive
law for the first Piola Kirchhoff stress tensor

P(F(u)) = Ay (F(u) — F(u)™") + Ay log (det(F(u))) F(u)~". (7a)

Here, F(u) = 14 Vu is the deformation gradient associated with the displacement u, X, A, are the Lamé constants
given by
Ev E

)\.1 - )\.2 = m, (7b)

Tl —2
where E is the Young’s modulus, and v is the Poisson’s ratio. We consider the domain {2 = (0, 1)2 depicted in
Fig. 2; we set v = 0.3 and we consider E = Ej in wy; for k = 1, 2, 3. We prescribe normal homogeneous Dirichlet
conditions on the left and right boundaries; homogeneous Dirichlet conditions on the bottom boundary [}, and
the Neumann conditions:

0 0
P(F(”))n|rmp = 8top = [—4x1(1 _ x1)} , P(F(u))nlpr_q =g = —s [1] , o g=1,...,0, (7¢)

with s > 0.
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I top
w3 Q
w2
rl 1 FI‘.Q(l 1
l_\btm
Fig. 2. Global system. I'p and I} 1, ..., It q, are associated with the stress conditions; the regions {I} 4}, are of equal size ¢; > 0, and

the distance between consecutive regions is constant and equal to d > £.

The system of equations below summarizes the problem: we seek the solution u : 2 — R? to the system

—V.-P(Fu) =0 in

u-n=20 on {0, 1} x (0, 1)

P(F(u))n = g on [} )]
P(F(u))n = 8top on Ftop

u=>0 on Iy = (0, 1) x {0} \ I;

where [}, = Uqul I’ 4. Our goal is to estimate the solution to (8) for any choice of the Young’s moduli (Ey, E>, E3)
associated with the regions w;, w;, w3 in [25, 30] x [10, 20] x [10, 20], any value of s € [0.4, 1] in (7c), and any
Q. € {2,...,7}. Note that variations of Q, induce topological changes that prevent the application of standard
monolithic techniques.

We introduce the library of components (2% and (2%, depicted in Figs. 3; in 4 we show examples of instantiated
components and we identify the corresponding ports. We denote by § > 0 the size of the overlap. The mapping
& associated with the internal component is a simple horizontal shift, while the mapping &2, associated with
the external component consists in a piecewise-linear map in the horizontal direction and the identity map in the
vertical direction. The internal component is uniquely described by the vector of parameters piy = [E1, S, Xshift]
where xghire denotes the magnitude of the horizontal shift; the external component is described by the vector of
parameters Uext = [E1, Ea, E3, dext] With dexy = Qad — §. Note that the external archetype component (cf. Fig. 3)

corresponds to the choice Q, = Q. with Qs = 5. We then introduce the variational forms:

a, af; o
Gin(w, V3 ting) = / Mie (W, V3 Win) dx + / N (W, V3 Min) dx,
o I

int

(9a)
Gi(w, v; Mexl):/a Noxt (W, V3 Win) dx + / W, V3 fex) dx.

Oexe I top

Explicit expressions of 7, and n‘g’f can be obtained by resorting to change-of-variable formulas: given the mapping
@, we denote by Vg = V&~V the corresponding “mapped” gradient and we define Vg g = % (Vqs + Vg) and
Fg =1 4 V4. Then, we have (we omit dependence on the parameter to shorten notation)

Mg (W, v) = nixi(w, v) = P(Fg(w)) : Vs pv det(V P),

~ —~ (9b)
Mo, v) = v - (g0 B) VU,  niiw, v) = v (gup o @) VS,
where t denotes the tangent vector to the surface.
2.3. Hybridized statement
2.3.1. High-dimensional formulation
We generalize below the OS2 statement introduced in Section 1. Given the set of parameters = (i1, ..., Uny,)
eP= ®lN:d? P, we propose the CB full-order model: find u™ = (u"f, ..., u‘}\fdd) eX = ®:V:(1<]1 X, to minimize
1 Nad
min 52 NZh lui = uilfag, ) st Gilwiv) =0 Yo € Xip, i =1..... Naa. (10)
i=1 jeNeigh;
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int N 2.3 T
Fr :1 hex = h — 5}1
a,éir
Fint ‘Qext = Qref‘ﬂ -0
(a) (b)

Fig. 3. Geometrical configuration. Archetype components. (Qref = 5).

FLNdd QNdd

INFINN I'Nga1
Fr,i Fr,j Fr 1

)

(a) (b)

)

Fig. 4. Geometrical configuration. Examples of deployed components. (a): i,j = 1,..., Qa, (b): i =1, j = Ngg = Qa + 1. The overlap
area is marked in yellow. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

Note that (10) reduces to (2) for the case of two overlapping components.
To derive the hybridized formulation, we define the port-to-bubble maps F; : i; — &] o such that, given w € U},

G Fi(w)+Ew,v) =0 Vve X). (11a)
Note that (11a) corresponds to the FE solution to a localized PDE problem with datum w on Ij. Then, we rewrite
(10) as the unconstrained least-square problem: find u"™P = (", .. };\fdi ) €U == ®@NU; to minimize
Ndd
min 52 > ) =Bl =BT (11b)
i=1 jeNeigh;

Minimization problem (11b) reads as a nonlinear least-square problem; in the following we devise a low-dimensional
reduced-order approximation of (11b) based on Galerkin projection of the port-to-bubble maps.

2.3.2. Reduced-order formulation
For all £ € L, we introduce the low-dimensional archetype bubble and port spaces Zf’b C Xeoo 2,7 C U,
and the extended port spaces W;* = {E¢¢ : ¢ € Z;P} C AXj; we denote by n and m the dimensions of the
bubble and port spaces, respectively; for simplicity, we assume that the dimension of the spaces is the same for all
archetype components. We also define the archetype ROBs Zab R" — Zab and Wab R" — W . Given the
deployed system, we introduce the instantiated (or deployed) bubble and port spaces Zb {od lire zZr b} and
={o® " 1z e WS} withROBs ZP = [¢]),....¢), 1 : R" > ZP and WP = [y), ... ¢, 1 : R" > W,
respectively. Then, we define the ansatz:

W@, B) =2 +WPB,, i=1,..., Nu. (12)
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We observe that u Ab = Zb&, should approximate the bubble field u|g, — E;(u|r,), while 'zZF = Wpﬁ is an
approximation of the (extended) port field E;(u|r,): we refer to u Ab Ap as to the bubble and port estimates of the
solution field in the ith component.

To obtain the low-dimensional formulation, we introduce the local residuals® (cf. (5), (6) and (9))

R':R xR" >R st (R (@, 8), =G (@, B), &), i=1....Na, j=1,....n, (130

and the approximate port-to-bubble maps ?hf : R™ — R” such that RM (¥ (Ahf (B:). ﬂ,) = 0. Computation of the port-

to-bubble maps { {F }, is expensive due to the need to integrate over the whole computational mesh. We thus replace
the residuals {Rhf}, w1th the empirical quadrature (EQ) approximations {R 4}, and we define the hyper-reduced
port-to-bubble maps F “d:R™ — R" such that

R (F(8,). ;) = 0. (13b)

We discuss in Section 3.2 the hyper-reduction strategy employed to construct the approximate residuals ﬁfq; here,
we observe that the gradient of the port-to-bubble map can be obtained by differentiating (13b):

VES (8) = — (3, R) 3, R

i 1

(a;.B)=F1(8:).8) (13¢)
We remark that the existence and well-posedness of the port-to-bubble maps (13b) is conditioned to the existence of
solutions to the nonlinear systems of equations Rhf 0 and to the fact that d Rhf is non-singular at the optimum.
It thus depends on the particular problem of interest, and might also depend on the overlapping partition considered
and on the reduced-order approximation spaces.

We now focus on the objective function. We observe that

Ndd

32 ¥ [ ime - meiar
i=1 jeNeigh; Tij

Ndd

= Z / I (x) — ;0|3 | dx
Ti Jj€Neigh; xE.Q

Ndd

- Z /. 1B — T B | I dF
i, jeNelgh (e,
where Jl.bncl = || det(V &,)V @i_ n%l_ I and nf is the outward normal to ;. Note that in the last identity we used the

Narson formula; furthermore, to shorten notation, we omitted dependence of ;, ﬁj on bubble and port coefficients

p
(cf. (12)). We introduce the HF quadrature rules {(xz o ,02 q)};vi , on the archetype ports I} for £ € L; then, we
have
Ndd Ndd

3D f s, B) — (e, BB dx ~ ZpL W B) (142)
i=1 jeNeigh;
where @ = [y, ..., oy, ] € RY with N :=nNg, B =By, ..., By,] € R, and
np (@i(xp s e, B)
W p)=|: (14b)
n (@(szE);a,ﬂ>
with
) (xi e, B) = Do lmxe, B) — witxs e, B3 | IS (X)), (14c)

J€Neigh;:xef2;

2 The superscript ' encodes the fact that the local residuals are computed using the HF mesh.

8
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fori =1,..., Nyg.

Evaluation of (14) is expensive due to the need to integrate over the port boundaries UZN:‘“]‘ U; eNeigh; Li.j: We
should thus replace the HF quadrature vectors {p? o) }eer with sparse EQ vectors {p}" ¢ “Nye . In conclusion, we obtain
the discrete OS2 formulation: find [3 [ﬂ], .. ﬂ Ngl € R such that

B < arg min f4(B) = § (F(B). . (6} ")eec) (152)
€
N . T
where F*9 : RM — RY is the full port-to-bubble map such that F*4(g) = [ﬁq(ﬁl), Ndd(ﬂNdd ] » and
Nad
F (a, B {0} Meer) = pr gl ). (15b)
If we denote by Q the total number of quadrature points with repetitions times the number of state variables D,
Nag NEI' 1 if 0
_ p.eq . _ 1Ix >
=D chard JroGl e Qi HEESH |, with Hx) = {0 otherwise (15¢)
i=lq
we find that there exist P € RV and Q € R2*M such that
1 -
I (B) = S I (B) 3, where 1 () = PF™(B) + Q8. (15d)

2.4. Discussion
The remarks below provide a number of comments on the OS2 statement introduced in the previous section.

Remark 1 (Algebraic Representation of the Local ROBs). Exploiting notation introduced at the end of Section 2.1,
the archetype bubble ROB Z3" : R" — Z>" admits the algebraic representation Z3° : & € R" > (77, Zb«)
for some Z% € RM:*", while the deployed operators can be stated as Z" : @ € R" > (@,-(71‘:), ZEioc), for
i = 1,..., Nyg. Note that by virtue of the correspondence between archetype and deployed spaces, we do not
have to explicitly instantiate — and then store — the bubble ROBs for each configuration. The same applies for the
port bases.

Remark 2 (Extension to Non-Homogeneous Dirichlet Conditions). The OS2 formulation can readily deal with
non-homogeneous Dirichlet boundary conditions. Towards this end, for i = 1, ..., Ny, given the Dirichlet datum

gdr: rdir — RP, we introduce the lift u%" such that u%| .ar = g%, and the ansatz

W@ B;) = ul+ zba; + WPB,, i=1,..., Na.

Here, 1" = ZPa@; should approximate the bubble field ulqg, — E;((u — ud")| ) — ulr, while 7 = WipE is an
appr0x1mat10n of the (extended) port field E;((u — uld‘r)| r;). Then, we can proceed as before to derive the reduced
port-to-bubble maps and the low-dimensional OS2 formulation. We refer to [40] for a thorough discussion on the

imposition of Dirichlet boundary conditions in Galerkin ROMs.

Remark 3 (Computation of the Matrices P, Q). The matrices P, Q depend on the configuration of interest but are
independent of the port coefficients f: they can thus be defined after having instantiated the system and before
solving the optimization problem. Since the port quadrature points {%; (xfl_’ ¢)}i.q are configuration-dependent, we
should resort to mesh interpolation to assemble the matrices P and Q. In this work, we rely on structured meshes
in the archetype components that enable logarithmic-in-N,; FE interpolations.

Remark 4 (Hyper-reduction). As required in CB-pMOR, hyper-reduction should be defined at the component level
and is then translated to the deployed system using the mappings { &;};. From an algorithmic standpoint, an archetype
component £ € £ should be interpreted as a complex data structure that comprises (i) bubble and port ROBs; (ii)

9



A. Iollo, G. Sambataro and T. Taddei Computer Methods in Applied Mechanics and Engineering 404 (2023) 115786

the approximate residual ﬁ;q that enables effective computations of port-to-bubble maps; (iii) the port quadrature
rule pg"eq associated with the approximate objective function (15a); and (iv) a (structured) mesh structure for which
efficient (i.e., logarithmic-in-N;) interpolation procedures are available for the computation of the matrices P, Q.

2.5. Solution to the OS2 minimization problem

In view of the description of the numerical solution to (15), we observe that the Jacobian of the global
port-to-bubble map F*4 : RY — R¥ is block-diagonal (cf. (13c)):

T8 — diao | T Jea TR — — ReN g R4

Jr (B) = diag [JF] (ﬁl)’ e JFNdd (ﬂNdd)] ’ JF[ (ﬁ') ) (aaiRl ) aﬁiRl (divﬁi)=(??q(ﬂi)'ﬂi)' (162)
Then, we observe that

Vi =PI 4Q, Vi = (PIY+Q) . (16b)

If Ngg > m (as in the cases considered e.g. in [4,19]), the Jacobian :]\;q is highly sparse; note that explicit assembly
of the local Jacobians requires to solve m linear systems of size n, while matrix—vector multiplications :]\;qv and
VT/J\;-q require Ngg n X m matrix—vector multiplications and Nyq linear solves of size m.

The nonlinear least-square problem (15) can be solved using (i) steepest-descent or quasi-Newton methods, or
(ii) Gauss—Newton or Levenberg—Marquandt algorithms, [41].

(i) Steepest-descent or quasi Newton methods only require the explicit calculation of the objective function §*
and its gradient V {4, which can be computed without explicitly forming j;q. However, these methods do
not exploit the underlying least-square structure of the optimization problem and might thus exhibit slower
convergence and/or might be more prone to divergent behaviors.

(i1) The Gauss—Newton method (GNM) reads as

B _ g% (Vreq @(k)))T e (E(k))

where (-)f denotes the Moore—Penrose pseudo-inverse. The Levenberg—Marquandt algorithm (LMA) is a
generalization of GNM that is typically more robust for poor choices of the initial condition. Note that
GNM/LMA are the methods of choice for least-squares problems; however, they require the assembly of

= o
! at each iteration.

Algorithm | summarizes the overall procedure as implemented in our code, which relies on GNM to solve (15);
we envision that our approach can cope with LMA with only minor changes: we omit the details. Note that we
update at each iteration the estimates of the bubble coefficients: this is important to speed up the solution to the local
Newton problems. In addition, the algorithm requires to provide an initial guess for port and bubble coefficients;
we discuss the choice of the initial condition in Section 3 (cf. Eq. (20)).

As explained in [42], for nonlinear least-squares problems of the form (15d), Gauss-Newton’s method shows
quadratic convergence if r®d (ﬂ) = 0 and a super-linear convergence if |r (ﬂ) |l is small. In the numerical results,
we also investigate performance of a quasi-Newton method—the limited-memory BFGS method [41]. Note that the
implementation of the latter follows a similar procedure as in Algorithm 1 with only minor changes: we omit the
details.

Remark 5. We remark that the internal loop at lines 4-7 in Algorithm | and the construction of the matrices P, Q
are embarrassingly parallelizable.

3. Methodology
3.1. Data compression

In this work, we resort to global solves to construct the archetype ROBs {(Z?’b, W,f’b)} tels Z;‘}’b = [{Z’}’, e {Z’,‘f],
WP = [y, 7, ..., ¥, P]. We generate nyqn global configurations {1®};"" and we denote by {(Qi(k), Ll(-k))}i,k the

10
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Algorithm 1 Solution to (15) through the Gauss—Newton method.

Inputs: @ — [oc(o) ozggd)d] ﬂ(o) ﬂ(o) ., ﬂgszd] initial conditions (cf. Eq. (20)), tol > 0, maxit.

Outputs: ﬂ port coefficients, & = ?eq(ﬂ) bubble coefficients.
1: Compute the matrices P, Q in (15d).
0 ~
2 Set B” = B9 and @ = a©.

3: for k=1,..., maxit do

4: fori=1,..., Ny g\o

5: Compute a; s.t. Req(a,-, ﬁ(k) ) = 0 using Newton’s method with initial condition @;.
Compute Jp'(B1") (cf. (16)).

end for

® XD

Update & = [a;, ..., 0n, ]

(k) =
9; Compute r*¢® = Pa + QB, and Vr¢® = PJI1 + Q.
10:  Compute g7 =g — (Vo) T peao

i B = B9, < 101 B, then, BREAK
12: end if

13: end for

14: Return B = ﬂ(k+1) and @ = F(B).

corresponding labeled partitions; we estimate the global solutions {u(k)}""a‘“ using a standard FE solver and we
assemble the datasets

D, = {u<’<>|9gk> od® LW =y k=1, nl] C XY lel; (17a)
we further define the bubble and port datasets
Db = {w —Ejwl) :we Dg}, P = [Ea(w|pa) fwe Dg}; (17b)

finally, we apply POD based on the inner product (-, -);, to obtain the local approximation spaces. Algorithm 2
summarizes the computational procedure.

In view of the application of the empirical quadrature procedures described in Sections 3.2 and 3.3.1, for all
¢ € £ we further compute the projected coefficients {o, J}n"dm ‘ {B, J}ntmm ‘

() = (0 620) o (Bep), = (ub,020), €<t 1s)

fori =1,...,n,qg =1,...,m, j = 1,... Ninge, Where u ; (resp., uy ;) denotes the jth bubble (resp., port)
solution in the dataset DY (resp., D}).

We remark that the proposed approach — which was previously considered in [20] — might be highly inefficient
since it requires global solves that are often unfeasible in the framework of CB-pMOR. We envision to further extend
the localized training approach in [7] to address this issue. For practical applications, we envision that global solves
should be performed using a standard FE solver and then resorting to FE interpolation routines to extract the local
solutions: this procedure inevitably introduces an error at the scale of the FE mesh size between full-order and
reduced-order models. Even if this error might be negligible for applications, it hinders the interpretations of the
numerical investigations. To avoid this issue, in the numerical experiments, we rely on the HF model (11) to generate
the dataset of local solutions.

11
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Algorithm 2 Data compression based on global solves

Inputs: training parameters {,u(k)}Z‘;“l“; m, n ROB dimensions.

Outputs: {(Z?’b, W;’b)}geﬁ ROBs; {oték)}:lj]"’[', {ﬂg()}ztj]"’[’ local optimal coefficients.

1: Initialize DE =D} =@ forteL.
2. fork=1,..., Ny, do
3: Estimate the global solution u,, to (8) using a global FE method.

4 Update the datasets D° and D} using (17b).
5: end for

6: Perform POD to obtain the ROBs Z{* = [¢), ..., v and WP = [yi?, ..., vy

k) Prain, ¢ k) Mtrain, ¢
Ehe (B

7: Define the optimal coefficients {e, "}, ; ¢ Yiey  using (18).

3.2. Hyper-reduction of port-to-bubble problems

We here rely on element-wise EQ, that is we replace the residuals (5) in (13a) with the weighted residual
associated with the variational form

Ny
: , £
Gy iw, v ) =Y pr / 0% (w, v; pe)dx + f ny(w, v pe)dx | (19)
k=1 Dy k 9Dy k
where p,! = [p;7, ..., p, ] is a sparse vector of non-negative weights.

This hyper-reduction apf)roach, which has been considered in a number of previous works including [39], is
discussed for completeness in Appendix A. We anticipate that the algorithm takes as input the projected coefficients
(18) generated by Algorithm 2 and the associated local parameters, {&\”’, B\, u{/ )}';‘:"‘;"’[.

We remark that, as discussed in [43], the use of elementwise- (as opposed to pointwise-) reduced quadrature
formulations leads to significantly less efficient ROMs, particularly for high-order FE discretizations. On the other
hand, elementwise reduced quadrature formulations are significantly easier to implement and can easily cope with
geometry deformations [38]. We refer to [44—46] for a thorough introduction to state-of-the-art hyper-reduction

techniques.
3.3. Hyper-reduction of the objective function

Exploiting (15b), it is easy to verify that — we here stress dependence on the parameter value p —

Nad.e

. i o .
S(a’ ﬂﬂ {qu q}fel‘n H’) =3 Z Z 77?(057 ﬁ9 :u') : '05’ a = E Z Z (GE(‘L ﬁ7 M)p% q)} )

2
tel \iL;=¢ tel j=1

where Nyq ¢ is the number of components of type ¢ and {G}}, are suitable matrices; to provide a concrete example,
for the model problem of Section 2.2, we have

T

(n} (e, B, 1))

. T
Gg)n[(a’ ﬂv M) = . ’ Gle)xt(a9 ﬂ’ /"L) = ("IJQa+l(a7 ﬂs M)) M
T

(0, (@, B, 1))
In order to speed up the evaluation of {4, it is necessary to build a sparse quadrature rule {p}“!};c.. In the remainder
of this section, we propose two different strategies to address this task: the former relies on the solution to a suitable
sparse representation problem and is tightly linked to the EQ procedure employed for hyper-reduction of the port-

to-bubble maps; the latter relies on a variant of the empirical interpolation method (EIM, [15]) for vector-valued
functions.

12
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3.3.1. Empirical quadrature method
We denote by (a®, %) the projected bubble and port coefficients associated with the kth configuration p®
and Eq. (18); we further denote by (oc(k) B(k)) the bubble and port coefficients associated with the sample means,

(k) (k)

Qo 0,1
(k) . (k) .
®, = : > Po = : , k=1,..., Ryain, (20a)
(k) ﬂ(k)
0, Nud, (k) 0, Ngd, (k)
(k) __ _avg (k) avg .
where & ; = a o and B ; L0 with
1
Rtrain, € Ntrain, ¢
avg | avg —
o« = > . BE= Z B.j. YlecL. (20b)
j
Ntrain, ¢ =1 Ptrain, ¢ =1

We anticipate that (20) is used in the numerical results to initialize the Gauss—Newton’s algorithm.

Given the random samples s® A 2 Uniform(0, 1), we define the matrices

~ ~(1)
G@®, B, uh)

C,=|" , Yeel, (21a)
GE(&("train)’ ﬂ(”tram)’ M(”train))

1T

. . . ~ ~(k) . .
where 1 is the vector with entries all equal to one, and @* and ﬂ are random convex mte olations between the
projected bubble and port coefficients (@, %) and the initial conditions for the GNM (!, 8%,

~ k
a0 = (1 —sa® 4+ sOal) BV =1 —sO)BY +5OBO k=1, . (21b)

The first ny,i, blocks of C, are associated to the “manifold accuracy constraints”, while the last row is associated
to the “constant accuracy constraint” [14]. Then, we compute the empirical weights {p}“!},c. by approximately
solving the non-negative least-square problem

mln ICe (p pg) 2, st p>0 (21¢)
peR /

up to a tolerance tolgzJJ using the Matlab function 1sqnonneg, which implements the iterative procedure proposed
in [47].

The choice of the port and bubble coefficients {(a®, ﬁ(k))} « for the “accuracy constraints” in (21a) is justified by
the fact that the objective function should be accurate for all port and bubble coefficients considered during the GNM
iterations; this choice is found to empirically improve the conditioning of the non-negative least-square problem and
ultimately improve performance—compared to the choice &® = a®, ,B(k) B®. The constant function accuracy
constraint, which was first proposed in [14] for hyper-reduction of monolithic ROMs, is important to bound the £!
norm of the empirical weights; we have indeed

oyl < 11- (Y — DI + llofll < IICe (07 — oY) Il + llpf 1, Ve € L. (22)

We also observe that, even if hyper-reduction is ultimately performed at the local level, for each archetype
component, the EQ procedure requires global solves to define the matrices {C,},.

3.3.2. Empirical interpolation method
The objective function § is designed to penalize the jump of the solution at the components’ interface. Since the
jumps are dictated by the behavior of the port modes {1//a P 7, on the ports Iy, we propose to replace the integral
in (14) with the discrete sum
Ndd

—Z > / i (i, By) — ey, BylI3dx ~ = Z (n)(@, B, w), , (23)

i=1 jeNeigh; quE'eq

13
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where Ig’eq c {1, ...,Nf } are chosen so that we can adequately recover any element of ZZ"p based on the
information at the points {xzj} jerbed. Note that the approximation (23) is an inconsistent approximation of the

L? integral (14); however, we expect — and we verify numerically — that the minimization of the right-hand side of
(23) should control the jump at elements’ interfaces and ultimately ensure accurate performance.

We here rely on a variant of EIM to select the quadrature indices IV"*Y. EIM was first proposed in [15] to identify
accurate interpolation points for arbitrary sets of scalar functions. In this work, we resort to the extension of EIM to
vector-valued fields considered in [48]. We refer to the MOR literature for other variants of EIM for vector-valued
fields; in particular, we observe that the present algorithm returns exactly m quadrature points: we refer to [49,
Algorithm 2] and to [50] for extensions of EIM that resort to over-collocation to improve performance.

Algorithm 3 reviews the computational procedure: note that, for each ¢ € L, the algorithm takes as input the
port functions {7}, and returns the indices I} *!. Given the set of indices I} ** and the space Z;*, we denote
by Z, . the approximation least-square operator

Tom() =T (v; 10, Z37) = arg wmégp Y vGaf ) — vl IR Yve CUTRRP), (e L.
e

(4 jGIIz’eq

Note that for D > 1 Z; ,, is not an interpolation operator.

Algorithm 3 Empirical Interpolation Method for vector-valued fields

Input: {y; 7)1, L€ L
Output: 1) = (i} |, ..., i} ,}
Set 17, = arg | max, 1YE]GE )l and define Ty =7 (3 (37 ). span{ v/ 7)
jefl,...,
form’=2,...,m do

a, a,
Compute r,y = wz,i' — Lo -1 (%Ji,)

Set i}, :=arg max |lry(x )2
Jjell....N}}

Update If,m/ =7 (.; {iz.j ;{il’ span{l//@ Pym’ )
end for

4. Analysis and interpretation for linear coercive problems

We analyze the OS2 statement for linear coercive problems. To simplify the presentation, we consider the
case with two subdomains depicted in Fig. 1. We denote by (X, | -|) the global ambient space such that
H,(£2) C X C H'(2); given the ports I}, I> (cf. Fig. 1), we define the bubble and port spaces:

.)C}Y0Z={U€‘X‘,'ZU|FI.=O}, Z/{,’I={U|Fill}€.)(i}, i=1,2.

We introduce the bilinear form a : X x X — R with continuity constant y and coercivity constant & > 0, and we
introduce the linear functional f € X’. Then, we introduce the model problem:

findu* € X : a(u*,v)= f(v) VvelX. 24)

In Section 4.1, we derive the port formulation of the problem (24); in Section 4.2, we present two important results
for the port problem; in Section 4.3 we exploit the results of the previous section to derive an a priori bound for
the OS2 statement; in Section 4.4, we comment on an alternative variational interpretation of the OS2 statement;
finally, in Section 4.5, we derive explicit estimates for two representative model problems.

Given v € X, o, we denote by v € X the trivial extension of v to 2 that is zero in 2 \ ). We assume that a
and f are associated to a differential (elliptic) problem; in particular, we assume that

a(u, V™) =a (u|9., v) , Yve Xy (25)

Note that by construction we have f(v®™') = f (v) for all v € X .
14
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4.1. Port formulation

We define the tensor-product space U = U; x U, endowed with the inner product (w, v) = Y., ,(w;, v;) 12 r)

and the induced norm |||l = V/{-, -). We introduce the local solution operators T; : U; — &; and G; : X' — X
such that:
(Tid) |, = A, a(Tix,v)=0 VYve X (26)
Gif) |, =0, aGifiv)=f(v) Yve Xy 27)

Since the elements of A&;( can be trivially extended to zero in {2 \ {2, we have that the form a is continuous and
coercive in A; o with continuity and coercivity constants bounded from above and below by y and «, due to the
fact that X; o C X.

Therefore, T; and G; are well-defined linear bounded operators. By comparing the previous definitions with (11a),
we note that the affine operators F; == T; — E; + G; f correspond to the port-to-bubble maps that are exploited to
derive the hybridized formulation in Section 2: we have u*|o, = F;A7 + E;A7 = T;A7 + G, f, where A7 € U; is
equal to u*|p,.

Given the trace operators xr, : X, — U, xr, : X1 — U,, we introduce the operators T : U/ — U and
G : X' — U such that

Toi G
To= |22 = [N 2 vaeu fex (28a)
xr, Tid xn,G1f

Finally, we introduce the port problem: find A* € U/ such that

ap(M*,v) = fo(v) Yvel, where a,(A,v) = (A —Txr,v), f(v):=(Gf v). (28b)

Remark 6 (Connection with OS Methods). We can rewrite standard additive and multiplicative OS iterations using
the operators introduced in (28). In more detail, multiplicative OS iterations can be written as (see, e.g., [51, Chapter

1D
Id 0 1.a+y _ [0 xnT2], B
[—XF2T1 Id})t ~ 10 0 AV + Gf, k=1,2,...,
while additive OS iterations can be written as
Id 0 k+1) _ 0 X T2 ) _
[0 [dilk - XFle 0 A +Gf7 k=1,2,....

These identities imply that any fixed point of the OS iterations satisfies (28b) and thus OS and OS2 converge to
the same limit as k — +00. As discussed in the introduction, this connection between OS and OS2 formulations
is valid for both linear and nonlinear problems; however, the analysis is strictly restricted to the linear case.

4.2. Analysis of the port problem

Proposition 1 clarifies the relationship between the variational statement (24) and the port problem (28); on the
other hand, Proposition 2 is key for the analysis of the OS2 ROM. Proofs are postponed to Appendix B. The results
rely on the introduction of a partition-of-unity (PoU, [37]) {¢; 12:1 C Lip(£2; R) associated with {.Qi}iz:l such that

2 0<¢;(x)<1 Vxef,
D i) =1, i=12.
- $i()=0  Vx¢n,

Proposition 1. Let u* be the solution to (24). Then, \* = (u*|pl, u*|p2) solves (28b). Conversely, if L* is a solution
to (28b), then u* = Y i_, (TiA + G, f) ¢i solves (24).
15
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Proposition 2. Let the operator T in (28a) be compact. Then, the form a, : U xU — R defined in (28b) is inf-sup
stable and continuous, that is
ap(w, v) ap(w, v)

0, y,=supsup—— < 00. 29)
W
well yey flwllivll wed verd [Twlllv]l

The proof of the compactness of the operator T depends on the underlying PDE. For several problems, including
the Laplace equation, the advection-diffusion-reaction equation, the Stokes equations, and the Helmholtz’s equation,
we can prove compactness of the operator T using Caccioppoli’s inequalities: we refer to [52, Appendix C] and also
[53] for further details. We further observe that Proposition 2 does not provide an explicit relationship among the
stability constant o, in Proposition 2, the PDE of interest and the size of the overlap. We envision that the derivation
of explicit bounds for the stability constant «, in terms of the PDE of interest and the size of the overlap will shed
light on the underlying properties of the OS2 formulation and might also lead to new algorithmic developments.
We note that there is a vast body of works that address the derivation of sharp estimates for the convergence of
overlapping Schwarz methods (see, e.g., [54,55]): the derivation of analogous results for this setting is beyond the
scope of the present paper.

As discussed in Appendix B, proofs of Propositions 1 and 2 rely on the fact that, if we introduce the spaces
X2 ={vlgne, :ve X} and XRZ = {v € &> : v|rur, = 0}, the problem of finding u € &, such that

Olp=

a,v)=0 YveX, ulp =hr, ulp,=hr,

admits a unique solution for any (A1, Ap) € U. This result is trivial for coercive problems, but it is significantly less
trivial — and requires additional assumptions — for inf-sup stable problems and is not addressed in this work. On
the other hand, we envision that the analysis for nonlinear PDEs requires more sophisticated tools and is beyond
the scope of this work.

4.3. Analysis of the OS2 statement

We consider the following OS2 formulation for the linear problem (24):

ﬁndi:argknelizr%) ‘H)\—?)L—’G\fm. (30)

Note that (30) corresponds to the OS2 statement (11) with the important difference that we replace the L? norm
with the H'/2 norm ||-||. In particular, in our work, the space ZP in (30) is given by the tensor product of the local
port spaces, ZP = Zf X ZE ,and T, G are associated to the approximate local solution operators that are obtained
by Galerkin projection. We further introduce the OS2 formulation with perfect local operators:

find % = in Iz — TA — GfII. 31
n arg min || GfI €2))
We observe that (31) corresponds to the minimum residual formulation of the port problem (28); we have indeed
r—Tix— Gf, A, V) — v
0~ T - Gfll = sup ! S0 gy D o)
veld ol veld (]

Recalling the result in [56], we thus have

I =% = 2 inf flas =2
ap reZP

) (32)

which proves the quasi-optimality of the OS2 statement with perfect local operators (31).

To estimate the error H|’): - } , we resort to a perturbation analysis. We denote by &, and ¥, the stability and
continuity constants associated with the problem (30): it is possible to resort to a perturbation analysis to estimate
these constants; since the argument is completely standard, we omit the details. We define the quantities et and &g
as follows:

_ o T =Tov]]

& 1= sup

YeZP KAl

e = (G- O f (33)
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Then, it is possible to show that

- 1 _
7= = g (o 7)

p

1G]]

p

o + VI (P + |||6f|||sT>) . -

We postpone the proof of (34) to Appendix B.

By combining (34) with (32), we obtain the following result. We observe that (35) is the sum of two terms: the
first term is associated with the approximation properties of the port space, while the second term is directly linked
to the accuracy of the local solution operators.

Proposition 3. Let y,, a, be the continuity and stability constants of the form ay, and let ¥,, @, be the continuity
and stability constants of the form ay(k, v) = (A — TA, v). Given the M-dimensional space Z° C U, we have

.~ 1 , . 1 f
I —x|||s;p(yp;€ngp e = + a—p(M 70 M9 e 4 e +|||Gf|||gT))) a9

4.4. Alternative variational interpretation of the OS2 statement

Following [16], we might also consider the alternative variational framework of the OS limit formulation (see
also [51, Chapter 1.5.2]): find (u‘l’, ullj, ug, ug) € ®l.2=1 X o x U; such that

(M +Eu1’ ,’)Zf(vl') VU,‘ E'X},Ov l=1127
( 1 _XF1 ( 2+E2M§), I/fl)Hl/z(Fl)+(ug_XF2 (u}]j—i_Elulf)! 1!/‘2)].11/2([’2)20 Vw:(l/fl’ ‘/fz)GU,
(36)

where E, E, are the extension operators, utl’, ulz’ are the bubble solutions and ul, ug are the port solutlons Given

the reduced spaces Z C X and Zp C U;, and the approximate port-to-bubble maps F = T + G f — E;, for
i = 1,2, the reduced-order OS2 formulation can be stated as follows: find (A‘l’, 'ﬁ‘l’, ﬁg,Ap) € ®l IZb X Zp such
that

a (@ + Ea}, vi) = f(v) Vv e 2P, i=1,2;
/I’z[[] - XF] (ﬁg +E2i‘\g) ) I)[/.1)].]1/2([’1)_}— (/u\g - XFZ (ﬁ?—i_Elﬁ!]))’ I;[/lz)Hl/Z([‘z) = 0 Vl/f (1//.1’ wZ) Z

(37a)
where ZNP C U is the M-dimensional space given by

=P —xn D), & — xr,TicD) - &P e 2Pli=1,2}), (37b)

and T,[ satisfies T,[ = ub(¢) + E;¢ with u?({) € Z}’ and a(u?(g“) + E;z,v)=0forallv e Z}’.

The proof of (37) is straightforward, and it is provided for completeness in Appendix B. Note that the OS2
statement reads as a Petrov—Galerkin projection of (36) for a suitable choice of the test space ZP. We envision that
(37) could be exploited to devise an alternative error analysis for the OS2 statement. We do not address this issue
in the present work.

4.5. Explicit convergence rates for two one-dimensional model problems

Given {2 = (—1, 1) and the partition 2, = (—1,4), £ = (-4, 1), we study the convergence of (multiplicative)
OS and OS2 for the problems

u’ =2 in £2,
{u(—l) =u(l)=1; (38a)
and
—u" +yu' =0 in {2,
{M(—l):O, u(l)y=1; (38b)
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in the limit |§| < 1.

The analysis can be readily extended to the additive OS method.

For OS2, we resort to the gradient descent method with optimal choice of the step size, and to the Gauss—Newton
method (OS2-GN)—the choice of the gradient descent method is intended to simplify calculations (compared to
quasi-Newton methods). The motivation of this analysis is twofold: first, we show that the use of gradient-based
methods — as opposed to Gauss—Newton — is increasingly sub-optimal as § — 0; second, we provide explicit
estimates for the constants o, and y, of Proposition 2 for two representative model problems.

We denote by u; the approximation of the solution in (2 for i = 1, 2; we define B; = %;(8) and B, = Ur(—9).
We can show that OS and OS2 iterations can be written as

ﬁ(k) — Pgsﬁ(k_]) + ng’ ﬂ(k) — PgsZB(k—l) + F§s2’

for k = 1,2, ... and suitable choices of (Pgs, Fg“) and (Pgsz, F252). On the other hand, since the problems are linear,
0OS2-GN reduces to a direct method and can be stated as

AsB =F;

for suitable choices of (Ag, Fg).
In Appendix B, we show that the spectral radii pJ* and p$** of the transition matrices P§* and P§*? satisfy

o ~ 1 — 48, P32 ~ 1 —48? for (38a);
. e’ +1 , eV +2 (39a)
S~l1-2 8, pft~1——""y%? for (38b);
Ps o — 1)’ Ps 8(e” — I)V or (38b)
while the condition number of the linear system associated to OS2-GN satisfies
1
cond (A;) = —, for (38a);
(e” — 1 (39b)
cond (Ay) ~ - =D o1 s ).
4(e” +2)y
and the constants «p and Y, defined in Proposition 2 satisfy
2 2 for (38a)
= — = — or (38a);
op 1 > Yp 1+s (390)
4(e” 4+ 2)y8 ¢
p ~ ————— ¥p ~ 2, for (38b);

20 — 1) °
As expected, OS, OS2 and OS2-GN become increasingly ill-conditioned as § decreases to zero and do not converge
for 6 = 0; however, we observe that for small values of § OS exhibits significantly faster convergence rates than
OS2 based on the gradient-descent method: this observation further strengthens the importance of exploiting the
least-square structure of the OS2 statement.

5. Numerical results

5.1. Assessment metrics and training parameters

We train the CB-ROM based on n,i, = 70 global parameters Sy, = {/L(k)}z;”‘{" such that

(EX,EPEP, s®) % Uniform (125,301 x [10,20]* x [0.4,1]), Q% % Uniform ({2, ..., 7)) :

on the other hand, we assess performance based on ns = 20 out-of-sample global parameters Ziest = (nY )};;’5{
generated using the same distribution. In view of the assessment, we also define the PoU {d)i}fvj‘li C Lip(f2; R)

associated with the partition {(Zi}fvd‘,‘ such that

& 0O<p() <1 Vxef
Z(bi(x)zL i=1,..., Ng.
P ¢i(x)=0 Vx ¢,

18
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Given u € X := ®lN:d‘i‘ A&;, we define the PoU operator
Nad
Poulul =Y ¢y u; € H'(12). (40)

i=1
Note that we omit the dependence of {¢;}; and also Nyq on the parameter to shorten notation. Finally, we define
the out-of-sample average and maximum prediction errors

Eo 1 ||Ppu[uzf]_Ppu[ﬂu]”Hl(Q) (41a)
wer Nitest = ”Ppu[uhf]”H'(Q) '
HE Ztest H
IPpuleef] — Ppuli, 11l 1
Epa = max —— ot P RTH) (41b)

WEEiest ”Ppu[u:}j]”Hl(Q)

As mentioned in Section 3, we here resort to the HF CB solver to generate HF data for training and test, to
simplify interpretation of the numerical results. In several figures, we compare the prediction error (41a) with the

error associated with the mapped H 1((2{1,) projection of u‘;f o @, fori=1,..., Ngd,
t
1 IPpuluely ] — Ppulied 11l 1
t._ Pul™p pul®u JTH(£2) : ~opt\ __ hf -1
g = = O - with (@), = (Lzaopyeru)) o & ) o &7, (42)
test 1€ Siest pul M HL(2) i i
fori = 1,..., Ngg. Note that (42) is not optimal — that is, it is not the relative H'({2) projection error associated

with the instantiated spaces — but it can be shown to be quasi-optimal exploiting [37, Theorem 1]. We omit the
details.

We resort to a P2 FE discretization with NS, = 1120 and N¢, = 3960 elements, and N}, = 272 and N&, = 200
port quadrature points. We emphasize that the HF component-based discretization is constructed to ensure that the
local grids match exactly for Q, = Qs (cf. Fig. 3); however, we remark that internal and external meshes do not
lead to a global conforming discretization for any other value of Q,.

All simulations are performed in Matlab 2020b on a commodity laptop. The implementation of the method does

not resort to any parallelization of offline and online solves.
5.2. Reduced-order model with HF quadrature

We show the performance of the OS2 ROM without hyper-reduction. First, we show the behavior of the
percentage of retained energy of the POD eigenvalues {A;}; of the Gramian mgtrix associated with the snapshot

j=1 ki
PHLEY
port and bubble components, and for the two archetype components. We observe that the POD eigenvalues decay
extremely rapidly, for both components (see Fig. 5).

In Fig. 6, we compare the average error E,,, (41a) associated with the OS2 ROM for several values of m and
n =m and n = 2 m, with the average error E:ggj (42) obtained through projection. We observe that the OS2 ROM
achieves near-optimal performance for all choices of the port and bubble ROBs. We also observe that doubling the
number of port modes m by keeping the same number of bubble modes n does not lead to relevant differences in
terms of both projection and OS2 prediction error. In the remainder, we set m = n.

Fig. 7 shows the behavior of the solution over a vertical slice of the domain for a test configuration with
Q. = 7; boundaries of the Q, internal subdomains associated with repositories and the external subdomain are
marked as black dots in 7(a); the vertical slice, drawn as a purple dashed line, corresponds to points (x, y) such that
x =x =0.43,0 < y < 1. Points of the slice belong to either the instantiated component {23 or (% (or both). We
apply the partition of unity operator (40) to generate globally-defined solutions. We compute therefore approximate
solutions Ppu[ﬁinzz)] Ppu 4= corresponding to two choices of the ROB size n = m = 2 and n = m = 10 and
for subscript = corresponding to x and y components; we also compare the reduced solutions with the HF globally
defined solutions Ppu[uff]. We observe that the choice n = m = 2 enables qualitatively accurate approximations
of the vertical displacement (cf. 7(c)), but extremely inaccurate approximations of the horizontal displacement (cf.
Fig. 7(b)), while the choice n = m = 10 leads to accurate predictions for both horizontal and vertical displacements.

set. To facilitate visualization, we show the average in-sample error E;, = 1 — for several values of n, for
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Fig. 5. Behavior of the average squared in-sample error E, = 1 — g,;;x;““i’ for several values of n, for port and bubble components, and
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for the two archetype components.
10—t E Mo oot H 1071 E Mo ot H
£ —e— opt [ £ —e— opt [
F —=—08S2 B —=— 082
1072 = 1072 £ E
o0 F ] o0 = ]
of i 1 o i ]
1079 ¢ 4 107%F E
1074 g 1074 E
E| 1 1 1 1 1 1 (- E | l l l l l l [—
2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
n n
(aym=n (b) m =2n

Fig. 6. Out-of-sample performance of OS2 ROM without hyper-reduction for several values of m, with n = m and n = 2 m; comparison
with optimal (“opt”) average error E;)Eg 42).

5.3. Hyper-reduction of the port-to-bubble maps

Fig. 8 investigates performance of the EQ rule for different tolerances roleq (cf. Appendix A): Fig. 8(a) and
(b) show the behavior of the out-of-sample relative error compared to the OS2 ROM with HF quadrature (dubbed
HFQ); in Fig. 8(a) we depict E,yg, in Fig. 8(b) we depict Enax. Fig. 8(c) and (d) show the percentage of sampled
elements as a function of m, for the two archetype components and for several tolerances. We observe that for
toleq < 10710 the hyper-reduced OS2 ROM is as accurate as the OS2 ROM with HF quadrature for all values of
m considered. We further observe that the percentage of sampled elements is between three and five times larger
in the internal component—since N¢, ~ 3.5N;, we have that the absolute number of sampled elements is nearly
the same for the two components.

5.4. Hyper-reduction of the objective function

In Fig. 9, we show the behavior of the L error
Nirain, ¢

E® . (£,m) =

avg,eim

P P
Upr — Ié,m [“k]”
Ptrain, ¢ =1 0

Ntrain, ¢

where {uE’ ey are the port fields associated with the £th component and employed to generate the port basis
(cf. Algorithm 2). We observe near-exponential convergence of the L> error for both components; interestingly,
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Fig. 7. Visualization of the horizontal and vertical displacement components for a vertical slice. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

the interpolation error for the internal component is one order of magnitude larger than the error for the external
component.

In Fig. 10, we report the percentage of sampled quadrature points by the two hyper-reduction procedures. By
construction, EIM selects m, .q = m points; on the other hand, the number of points selected by the EQ procedure
of Section 3.3.1 weakly depends on the size m of the port basis.

In Fig. 11, we investigate the performance of the fully hyper-reduced ROM: Fig. 11(a) shows the behavior of
the prediction error (41a), while Fig. 11(b) shows the behavior of the maximum wall-clock time over the test set.
We observe that the speed-up due to hyper-reduction of the objective function is of the order 1.5 for all choices of
m; on the other hand, performance of the two considered hyper-reduction strategies is comparable for all tests. In
Fig. 11(c) the out-of-sample error distributions are depicted in the case without hyper-reduction on the objective
function for different values of m.

In Fig. 12 we show the speed-up factor of the hyper-reduced OS2 solvers with respect to a representative
monolithic HF solver of comparable accuracy for different numbers of subdomains. The monolithic P2 FE solver
runs in approximately® 2.7806 [s] for Ngg = 2 and in 9.9971 [s] for Ngg = 8; the CB HF solver (10) that is used to
generate training and test data is roughly a factor three slower than the corresponding monolithic solver. We define
the speed-up factor as:

the(Naa)
speed-up(Ngq) = tosz(—Ndd)

3 Computational times are based on an average over 5 tests for each number of subdomains; the computational grid has 17 177 FE nodes
for Ng¢ = 2 and it has 38637 nodes for Ngq = 8.
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Fig. 8. Hyper-reduction of the port-to-bubble maps for several tolerances fol.q and port space sizes m, with n = m. Behavior of the (a)
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Fig. 9. Application of the EIM procedure for vector-valued fields (cf. Algorithm 3). (a)—(b) behavior of the in-sample L°° approximation

o0 1 P P P
error Eavg,eim for the internal and the external component.

where fy¢ is the estimated execution time of the monolithic HF solver averaged over 5 tests and fog; is the execution
time associated with the CB ROM, averaged over the same 5 configurations, for Ngq € {3, ..., 8}. We perform hyper-
reduction of the port-to-bubble maps using the tolerance foleq = 1071% and we consider the tolerances tolegp = 1074
and t0leq, = 107° for the hyper-reduction of the objective function (for the EQ+EQ case).

We observe that the speed-up factors depicted in Fig. 12 depend weakly on the number of subdomains. The EIM
method leads to slightly larger speed-ups than the EQ method for m = n = 16 (cf. Fig. 12(b)), while performance
is comparable for the case m = n = 8 (Fig. 12(a)). We envision that more effective implementations of Algorithm
1 — which rely on parallelization of the port-to-bubble loop at Lines 4-7 and on pointwise EQ hyper-reduction of
the port-to-bubble maps, as opposed to element-wise EQ — will lead to significantly larger speed-ups.
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Fig. 10. Hyper-reduction of the objective function for internal and external archetype components, with respect to m, with n = m. (a)
percentage of sampled quadrature points based on EIM. (b)—(c) percentage of sampled quadrature points based on the EQ procedure, for
two tolerances t0leq,p.

I E— — A EQ + HFQ
10-1 | —o— EQ + EIM
£ —8— EQ + EQ, toleq,p = 1074
F —&— EQ + EQ, toleq,p = 1076 0.4 n
I =
y 1072F ER
E B 1 3 03 i
= i ] g
-3 L |
10 E E 02 - EQ+HFQ
S ] o EQ+EIM
[ i i —8— EQ+EQ, toleq,p = 1074
1074 | | | | | | [ 0.1 1 | | || T8 BQHEQ toleq p = 107°
2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
m m
(a) (b)
10—1 é ] T I T I T ]
L

Ema}\
HIH
H{H -

(c)

Fig. 11. Hyper-reduction of the objective function based on EIM and EQ. (a) worst out-of-sample performance of the hyper-reduced OS2
ROM for several choices of m, with n = m. (b) maximum computational cost over the test set. (c) Out-of-sample error distributions for
the EQ+HFQ case. Results are based on the EQ tolerance toleq = 10719 for the local problems and the tolerances toleqp = 10~* and
10leqp = 10~ for the objective function (for EQ+EQ).

5.5. Optimization strategy: comparison between Gauss—Newton, quasi-Newton and overlapping Schwarz

We compare the performance of the Gauss—Newton method and the quasi-Newton method discussed in
Section 2.5 for various choices of m and n = m; to provide a concrete reference, we also consider the multiplicative
overlapping Schwarz method with Dirichlet interface conditions. More precisely, we implement the iterative
procedure described in Algorithm 4: note that the OS method simply requires the solution to a sequence of problems
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Fig. 12. Speed-up of the OS2 ROMs with respect to the HF monolithic solver for several values of the number of subdomains. (a)
performance for m = 8; (b) performance for m = 16. EQ tolerance for the port-to-bubble maps is set equal to toleg = 10~ 10,

on the subdomains with information propagating through the boundary conditions; since the discretization is not
conforming across components, we should define the ith port mode using projection (cf. Line 5, Algorithm 4). Note
that at step i of the for loop at Lines 4 —7 we use the values of ﬂ .+, By, at the previous iteration and the values
ﬂl, R ﬂ,_] at the current iteration: the for loop is thus not parallehzable We set tol = 107° in Algorithm 1 (cf.
Line 11) and we consider the same termination criterion for the quasi-Newton solver and the OS solver. In this
test, we perform hyper-reduction at the local level (EQ tolerance 10~'%), but we do not hyper-reduce the objective

function.

Algorithm 4 Overlapping Schwarz method.

Inputs: a0 = [u(o) ozgszd] ﬂ(o) [ﬂ(o) ’ﬂ(Nojd] initial conditions (cf. Eq. (20)), tol > 0, maxit.

Outputs: ﬂ port coefficients, & = feq(ﬂ) bubble coefficients.

=0 ~
1 Set 8% = B© and & = «©.

for k=1,...,maxit do
3: Imtlahze & — =a* D and B

N

2k _ k=D

=B

4: fori =1,..., Ny do
(k) . (k) (k)
5: Update B, € arg mingegm ZjENeigh,- IIWipﬂ ZbAeq(ﬂ ) — WP/S L2(F,-_j)'
6: Update & = Aeq(ﬂ(k)
7: end for
g if 1B = B V|la < rol) Bl then, BREAK
9: end if
10: end for

Fig. 13(a) shows the behavior of the objective function in (15) with respect to the ROB sizes over the test set,
while Fig. 13(b) shows the number of iterations required to meet the termination criterion: we observe that GNM
requires many fewer iterations without any deterioration in accuracy. Fig. 13(c) shows the wall-clock average cost
for the three methods: even if GNM has a slightly larger per-iteration cost, we empirically find that OS2 with GNM
is significantly more rapid than the other two approaches. Furthermore, since the OS internal loop (cf. Lines 4-7
Algorithm 4) is not parallelizable as opposed to the corresponding loop of the OS2 solver (cf. Lines 4—7 Algorithm
1), we expect significantly larger computational gains if we resort to parallel computing.
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Fig. 13. Comparison between OS2 with Gauss—-Newton optimization and with quasi-Newton optimization, and multiplicative overlapping
Schwarz methods. (a) average value of the objective function with respect to m and for n = m. (b) maximum number of iterations to meet
the convergence criterion. (c) average wall-clock cost with respect to m and for n = m.
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Fig. 14. Comparison between Gauss—Newton, quasi-Newton methods, and multiplicative overlapping Schwarz methods with zero initial
condition. (a) average value of the objective function with respect to m and for n = m. (b) maximum number of iterations to meet the
convergence criterion. (c) average wall-clock cost with respect to m and for n = m.

In Fig. 14, we repeat the test of Fig. 13 for the choice of the initial conditions @® = 0 and B = 0 in Algorithm
| and Algorithm 4. We observe that OS and OS2 with GNM show similar performance with respect to all metrics,
while OS2 with QN, instead of converging to the optimal solution, converges to a different local minimum for two
configurations for m = 6.

6. Conclusions

In this work we developed and numerically validated the one-shot overlapping Schwarz (OS2) approach
to component-based MOR of steady nonlinear PDEs. The key features of the approach are (i) a constrained
optimization statement that penalizes the jump at the components’ interfaces subject to the approximate satisfaction
of the PDE in each deployed (instantiated) component; (ii) the decomposition of the local solutions into a port
component — associated with the solution on interior boundaries (ports) — and a bubble component that vanishes at
ports, to enable effective parallelization of the online solver. Hyper-reduction of the local sub-problems and of the
objective function is performed to reduce online assembly costs. We illustrate the many elements of the formulation
through the application to a two-dimensional nonlinear mechanics (Neo-Hookean) PDE model; for this problem, we
are able to devise a CB-ROM that reduces online costs by a factor 20 compared to a standard monolithic FE model
with less than 0.1% prediction error, and without resorting to any parallelization of the online ROM solver. We also
observe that for the particular model problem considered in this paper the OS2 formulation provides acceptable
results also for under-resolved ROBs.

We aim to extend our approach in several directions. First, we wish to apply the OS2 method to more challenging
problems in nonlinear mechanics, with particular emphasis on thermo-hydro-mechanical (THM) systems [39]:
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towards this end, we should extend the OS2 formulation to unsteady PDEs and we should also devise specialized
routines to deal with internal variables. In this respect, we envision to combine our approach with the recently-
developed OS method discussed in [57-59]. Second, we wish to devise localized training techniques to avoid
the solution to global HF problems at training stage: in this regard, we aim to extend the approach in [7] to
unsteady PDEs with internal variables. Third, we aim to combine data-fitted and projection-based ROMs in the
OS2 framework: we envision that the successful combination of first-principle and data-fitted models might offer
new solutions for data assimilation (state estimation) applications, for a broad range of engineering tasks. Fourth,
we wish to investigate the possibility of generalizing our approach to non-overlapping decompositions: this requires
to add in the objective function a term that penalizes the jump of the normal stresses; a deep investigation of the
connection with discontinuous Galerkin methods should also be considered.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could
have appeared to influence the work reported in this paper.

Data availability

Data will be made available on request.

Acknowledgments

The authors acknowledge the financial support of Andra (National Agency for Radioactive Waste Management),
France and thank Dr. Marc Leconte and Dr. Antoine Pasteau (Andra) for fruitful discussions; The authors also thank
Dr. Irina K. Tezaur (Sandia National Laboratories) for her pertinent and useful comments on this work. The authors
acknowledge the support by European Union’s Horizon 2020 research and innovation programme under the Marie
Sktodowska-Curie Actions, grant agreement 872442 (ARIA).

Appendix A. Hyper-reduction of port-to-bubble problems

We review the element-wise EQ hyper-reduction procedure that is employed here to speed up the solution to the
port-to-bubble problems. The approach exploits the methods first proposed in [13,14]: we refer to [38] for further

details. We recall that, for any £ € L, {x?jjv.}yi , are the nodes of the reference mesh of the £th component, while

T, € N¥E*™p s the connectivity matrix, with ny, equal to the number of elemental degrees of freedom. We denote
by ey, ..., ep the vectors of the canonical basis in R” and we denote by @e.x.i the FE basis associated with the ith
degree of freedom of the kth element of the £th component.

Given u € X7, we denote by u" € R"p*Ni*P the corresponding third-order tensor such that

uﬁr}(’dz(u<x2’¥e<k’1>)d, i=1,....mp k=1,.. N d=1,....D.

Similarly, given the ROB basis Z** : R* — Z*° we denote by Z3™" e R™W*NixP*" the corresponding
fourth-order tensor. We further define the unassembled residual associated with the field u# and the parameter .,

Ry s ) = / ny (u, Qexi eq; we)dx + / ﬁ?’f(u, Qe k,i €qs te)dx,
Dy k 0Dy f

forel, i=1,...,np k=1,...,N;, d=1,...,D. Then, it is easy to verify that

Riw0); = D riuZiiin, Riivawo = (Giroe}),. j=1....n, (A.la)

ik.d

where x € {hf, eq}, y, = (a, B,, it¢) denotes the triplet of bubble coefficients, port coefficients and parameter,
G} :R"xR" x Py — R"*N is the matrix-valued function that satisfies (GE(W))M =>4 ZZ‘:’,;";] Ry a¥o)
for j=1,...,nand k =1, ..., N;. The latter identity implies that

Rl (y) — RY'(yp) = Gy (o} — 0} (A.1b)
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For any ¢ € £, EQ procedures aim to find a vector pzq € R such that (i) p;q is as sparse as possible; (ii) the
constant function is integrated accurately, that is

NZ
1> ek IDexl — 1921] < 1 (A.2)
k=1
(iii) given the training set of triplets Z‘;ram’eq = {yéj )}';‘:mi"’e, the residual is adequately calculated for all elements
of the training set,
92 (o) (R ) — RYr)) | < 1. where J§ = 8,RY,  Vy, € 5™, (A.3)

As discussed in Section 3 (cf. (22)), the constant accuracy constraint (A.2) is designed to control the 2! norm of the
weights that is related to the stability of the quadrature rule (see, e.g., [60, section 2.3]); the constraints (A.3) are
directly linked to the approximation error between the ROM estimate with HF quadrature and the hyper-reduced
ROM estimate (cf. [14, Proposition 3.2]).

We observe that the EQ problem can be recast as a sparse representation problem of the form

min_[lpll0, st I1C (o' = p7) 12 < t0leg, (A.4)
peR™L

where |[p||,0 is the €0 norm that counts the number of non-zero entries in the vector p, Czq is a suitable matrix that
can be readily derived from (A.2) and (A.3), and tol.q is a suitable tolerance. Problem (A.4) is NP hard; however,
several effective approximate strategies have been proposed in the literature to determine parsimonious quadrature
rules for MOR applications, [13,14,61,62]. In this work, we resort to the non-negative least-square algorithm
implemented in the Matlab routine 1sqnonneg, which takes as input the matrix C;’, the vector b;? := C}p!f
and the tolerance tol.q, and returns the sparse quadrature rule.

Appendix B. Proofs

B.1. Proof of Proposition 1

Proof. Let u* be the solution to (24). Then, we find
* (25) *x . exty _ exty _ .
a(*|g,v) = a*, v™") = f(v™) = f(v) Vv e Xp;
therefore, u*| o, = Tyu*|r, + G; f. The latter implies that A* = (u*|p] , u*lpz) satisfies
M —EXN —Gf = (|, —u*lp, wlp, —u*lp,) =0,

and thus that A* solves (28).
Let A* satisfy (28). We define u} = T;AF + G, f for i = 1,2. If we define the space Xﬂz = {vlpne, 1 vV €
X, v|rur, = 0}, we observe that u7, u3 satisfy

wlp, =25, ullp, =25, a@l,v)=f) Yvedd, i=12. (B.1)

Since a : X, x X, — R is coercive, the solution to (B.1) exists and is unique: therefore, u} = uj in £, N (2. In
particular, if we define u* = Y7 u?, we have u*|o, = u? fori =1, 2.

Given v € X, we have v¢; € &, since, by construction, supp ¢; C ;. We thus have
a@*, v) =Y a@*, ¢v) =Y a@|g.¢v) =Y _a(.¢v) =Y f¢iv) = f(v),
i=1 i=1 i=1 i=1
which is the desired result. [
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B.2. Proof of Proposition 2

Proof. Continuity of a, follows from the continuity of the trace operators, and the local operators Ty, 7. We omit
the details. To prove inf-sup stability of the problem, we resort to the Fredholm’s alternative: since 7 is compact,
provided that v = 1 is not an eigenvalue of 7', the equation A — TA = f admits a unique solution for any f e U
and there exists a constant C such that [|A[| < C|| fIl (see, e.g., [63, Theorem 6.6.8]). It thus suffices to prove that
T X = A only holds for A = 0.

Towards this end, we consider the problem:

findw e Xy, : a(w,v) =0Vve XEZ, wlr, =y, wlp, =,
with X7, = {vlgne, 1 v € X}, and XD, = {v|gng, : v € X, vlrup = 0} Since TyA; = Ay on I by
definition and T;A; = X, on I, since TA = A, we have that Tidlo, = w; similarly, we find Dilg, = w.
As observed in the proof of Proposition 1, there exists a unique solution to the problem w € & ,: this implies
that iAo, = Tarzlg,,. Given the partition of unity ¢, ¢, associated with {Qi}l.z:,, we define the field
U= Ziz=1 ¢:T;A; € X, which satisfies u|g, = T;A; for i = 1,2. We observe that
2 . 2 2
@5
a(u,v) =Y a(,¢v) =Y a(ulg,¢iv) =) a(Tir, ¢iv) =0.
i=1 i=l i=I

Since a is coercive, we must have u =0 and thus A = 0. [
B.3. Proofs of the estimate (34)

Proof. We first introduce the orthonormal basis {‘ﬂi},M , of ZP; given L € ZP, we denote by A € RM the

corresponding vector of coefficients such that A = Z?;(}v)i ;. By straightforward calculations, we find that

e~ (A)” = ((Id — T);, (Id — T);), (F), = ((Id — T)ys, Gf),
AL =F, AA =F, with] " ~ ~ - ~ ~ (B.2)
(A),; = (Ud =T);.(dd =T)y). (F), =(Ud~T):, Gf).
By straightforward calculations, we obtain
TR = A ([F-F-(A-A)3)
and thus
IR =Rl = JA" I (JA = Al &I + |[F - Fl). (B.3)
S——— \——— S——

=) =) =) =(V)
We estimate each term of (B.3) independently: combination of the estimates for (I)-(IV) leads to (34).
(I) Recalling the definition of oy, we have ||y — T/ || > ol |l; therefore, we have
YIAY = lly — Tyl = 2yl = 2% 113,
which implies (I). R - R
(II) By summing and subtracting ((Id — T)vy;, (Id — T );) to | (A)l.j — (A)i.j | and recalling the definitions of
Yp» ¥p and e, we obtain '
(@), = A), | = (o7 er Yii=1l. M.

Estimate (IT) then follows by exploiting the fact that for any M x M matrix A, we have ||A], <
M max; ; |A; ;.

(IIT) Estimate (III) follows directly from the properties of minimum residual formulations of inf-sup stable
problems. Indeed, since the bilil}f\:ar forrr}\ ap is conEi\nuous and inf-sup stable, using the Necas theorem (see,
e.g., (63, Thm 6.42]) we have X[l = [[A[ < & ||G /]| for all f € X".

(IV) Proceeding as in (II), we find
|(F), — (F), | < %hec + IGSfller, Vi=1,....M,

and thus |[F — Fll, < VM|F — Fllo < VM (Fpec + IGf ller) . O
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B.4. Proof of (37)

Proof. For the two-subdomain problem, the OS2 statement (30) can be stated as:

min @1 (1) — (W)l g/2cryury) (B.4)
W.¥)e2t x 20

where @; (Y;) = u°(Y;)+ Eiy; and 0P () € ZP satisfies a@ () + Ei i, v) = f(v) for all v € ZP and all ¥; € 27,
for i =1, 2. If we differentiate (B.4), we obtain the optimality conditions

(/"‘\Il) — X (ﬁg (ﬁg) + E2ﬁg) ¥ =Xy (ﬁg(wZ) + EZwZ))Hl/Z(Fl)
+(ﬁg_XF2 (ﬁ?(ﬁﬁ’)+Elﬁ?)v wz_XFZ (ﬁ?(wl)+E1wl))H]/2(F2) =0 Vw:(wls wZ)GZFXZ;

which can rewritten as in (37). U
B.5. Proofs of the estimates in Section 4.5
In the following, we use the Taylor expansions:

x 2 1 2 172 l _l 2 2
et ~14+x+x°, 1—= ~14+x+x°, (Q4+x) ~1+2x Sx, (1+x)" ~1+42x, (B.5)
—X

which are valid for |x| <« 1. We further employ the identiy:

2
l—ok o< T

max {|1 — oAi], |1 —oh|} = : (B.6)
ol —1 62/\1+?~2
that is valid for any 0 < A; < X,.
B.5.1. Problem (38a)
It is easy to verify that the local solutions uy, u, satisfy
2 ? B 2 § B
wi(x, B) = x" — 1 —+x), Wk p=x"-— 1— ——(1 +x). B.7
ui(x, p) =x le8( +x)+1+5( +x), uxx,p)=x 1+8( x)+1+5( +x) B.7)

By imposing 81 = u»(8, B2) and B> = u1(8, B1) we obtain the system of equations:
_ . _ 1 —Cs _ d(;
Agﬂ = Fs, WlthA5_|:—C5 1 i|, F5_|:d5 i|,

_ 3 . . . e
and ¢ = i—+‘§, ds = % The matrix A;s is symmetric with positive eigenvalues 1 — ¢5 and 1 + c;; we thus have

I+c 1 26 2
cond (As) = l—cz =3 ap=1—cs = T35 v=1+cs = T35
which are (39b) and (39c¢).
Multiplicative OS corresponds to the application of the Gauss—Seidel iterative method to the linear system
As B = Fs. We thus find

0 Cs d5
k) _ P (k—1) + FOS, ith P® = , Fo = )
ﬂ ) ﬁ s W 8 0 C(% 8 d5 + ng,s

We can then verify that the spectral radius of P$* is equal to
P =c3 ~1—48.
The OS2 method for (38a) reads as

1 _ . 1
min = > @(x, 1) —ia(x, f2))* = = | As B — Fsl3. (B.8)
Ber? 2 xe{—5.5) 2

If we apply the gradient descent method to (B.8), we obtain
BY = (1 —oAfA;) B*V + o A]F;.
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By tedious calculations, we can verify that the eigenvalues of the transition matrix 1 — oAl As are equal to

1 —o(s+ D?>and 1 —o(cs — 1) recalling (B.6), we find that the spectral radius of the transition matrix is

minimized by o = ++1 and is equal to
C
8

26‘5
0s2 2
8 Cg +1

B.5.2. Problem (38b)
The local solutions 7, u, satisfy
yxX _ oV eV — o8 eV — eV*

M B = Wyx. p) =
evd — e e

(B.9)

Y — V8 eV — eV’
Exploiting the Taylor expansions in (B.5), we obtain
w(=8,B) ~ B (1 —2¢,8+2c28%), W8, B) ~ 2d, 8 —2d;8> + B (1 —2d,6 +2d;5°)

where ¢, = and d, = Z—i We thus find the (approximate) system of equations

262 262
- (—1 +2d,6 —2d,5 )] R — [ZdVS —2d,8 } .
—1+42¢)8 —2¢)8 ) 1 0

Therefore, the Gauss—Seidel transition matrix is approximately equal to

0 —-1+2d,6

0 - (l — 2dy8) (1 — 2cy6)

_Y
l—e™7

1
As B = F;, with A; = |:(

0S
PS

and thus

e’ +1
v —1
On the other hand, the eigenvalues of A} As are approximately equal to

et 2d,)’ 52

pgSNI—Z(CV+dV)3=1—Ze y8.

M 2 A~ 4 — (2c, +4d,)3,
and thus
4(e” 4+ 2)ys
apz\/)LTN—y, ypz\/)TZNZ.

2e” — 1)

Exploiting (B.6), we find that the approximately optimal choice of the step size o is equal to o0 =
1(1+ (% +4d,)é) and thus

i
PP~ —ah ~ 1= 2 (e + 2d,)’ 82,

On the other hand, we obtain that the condition number of Aj; is given by

)Lmax(Ag'AzS) \/4 = Q¢ + 4dy)8 4 _ 4(e” — 1)
Amin(A§ As) GAELIY (c, +2d,)8  4(e” +2)y8

cond(As) =
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